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• use curriculum expectations and mathematical processes (i.e., grades 6 to 10) to 

anticipate a range of solutions to a problem, to understand and describe the 

mathematics in student solutions, and to judge the appropriateness of problems 

for teaching/learning

• develop a knowledge package or landscape of clustered curriculum expectations

• use the three-part problem solving lesson design to frame the use of problems for 

teaching mathematics

• develop strategies and mathematics knowledge for anticipating student 

responses and understanding students’ mathematical thinking

• experience strategies for developing students’ mathematical communication 

through the discourse of a math-talk learning community, teacher recording 

strategies (blackboard writing – mathematical annotations), and coordination and 

recording of discussion (bansho) 

• vary the structure of the problem for students to practise new learning and to 

provoke use of some strategies and not others, moving towards strategies that 

can generalize
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Looking Back to Look Forward
Multiplication Problem, Bus Problem

• Your goal for learning mathematics for teaching 

• Characteristic of teaching through problem solving –

e.g., content coherence, making connections, nature of 

learning, nature of student work

• Teacher action – teaching through problem solving
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Work of Mathematics Teaching
• Sequencing of math content and curriculum materials

• Generating and using strategic examples and multiple 
representations

• Talking mathematics and having students talk

• Understanding and analyzing multiple solutions

• Evaluating the mathematical significance of students’ comments 
and coordinating discussion for learning

• Building correspondence between mathematical ideas, models, 
and symbols
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Learn Mathematics for Teaching   ?  
(Ball, 2005)

• Figure out why procedures work, not just how 

to do them

• Try to solve problems in more than one way

• Listen to and probe others’ thinking, especially 

when struggling

• Study students’ thinking and work

• Talk in class; practise speaking mathematics
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Looking Back to Look Forward
- Teaching Through Problem Solving

• Lesson components - Before?  

During? After?   

• Math Content coherence?

• Making Mathematical Connections?  

• Who does the Mathematics Work?  

• Nature of Mathematics Learning?  

• Nature of the Mathematical Work?  

• Kind of Mathematics Work 

Expected?  

• Content Elaboration by Whom?

• Your goal for learning 

mathematics for teaching 

• Characteristic of teaching 

through problem solving –

e.g., content coherence, 

making connections, nature 

of learning, nature of 

student work

• Teacher action – teaching 

through problem solving
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Mathematics Knowledge Package, 
Landscape, Instructional Trajectory
• Liping Ma (1999) – knowledge package

• Cathy Fosnot (2002, 2007) – landscape of learning

• Marty Simon and Ron Tzur (2003) – hypothetical learning 

trajectories and key developmental understandings 

(KDU)

• Set of mathematics knowledge (big idea or concepts, 

strategies, models of representation) that are organized 

like a “concept map” to show mathematical connections 

among learning goals and to map out possible learning 

paths

Strategies for Anticipating Range of Responses 

and Curriculum Design
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Mathematics Knowledge Package (Ma, 1999)
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Mathematics 
Landscape of 
Learning
(Fosnot, 2003)

• big ideas or key ideas 

(ovals)

• strategies (rectangles)

• models of representation 

(triangles)

(Fosnot, 2002)
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Mathematics for Teaching
Brent Davis (UBC) and Elaine Simmt (UofA) 

Mathematics knowledge is recursively elaborated

across the curriculum.

Teachers have 

embodied, tacit 

knowledge of 

mathematics for 
teaching.
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Mathematics Curriculum as a 
Recursive Elaboration

Iteration 1GeneratorSeed

Iteration 4

Iteration 2

Iteration 2

Iteration 3 Iteration 6Iteration 5

Visualize Patterning and Algebra curriculum 

from Kindergarten to Grade 10 as a growing fractal tree.

Learning Mathematics for Teaching



Teaching Through Problem Solving Session 3

KKZ, 2008

Curriculum – Recursively Elaborate
P & A - K to Grade 2

Iteration 1

Generator

Seed

Learning Mathematics for Teaching
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Curriculum – Recursively Elaborate
P & A - Grades 3 to 5 Expectations

Iteration 4

Iteration 3

Iteration 2

Iteration 1

Learning Mathematics for Teaching
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Curriculum – Recursively Elaborate
P & A Grades 6 to 8 Expectations

Iteration 6

Iteration 5

Learning Mathematics for Teaching
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Curriculum – Recursively Elaborate
P & A Grades 9 to 10 Expectations

Iteration 8Iteration 7

Learning Mathematics for Teaching

Grade 9 Grade 10
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Three-Part Problem Solving Lesson Design
After (Consolidation) – Bus Problem

There are 36 children on school bus.

There are 8 more boys than girls.

How many boys?  How many girls?

a) Solve this problem in 2 different ways. 

b) Show your work.

- How are our solutions similar and different?

- What mathematics (curriculum expectations) are demonstrated 

in the solutions?

- What are the mathematical relationships between the solutions?
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Bus Problem – Partial Bansho 
(Also includes BDA) Arithmetic to Algebra

Systematic Guess and Check  Order Of Operations 1 and 2 Variable Equations

(Constant Sum, Variation Difference)                                      (Substitution, Simplifying

(Constant Diff, Variation, Sum)                                                (Equation, Isolating Variable)
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Three-Part Problem Solving Lesson Design
After (Practice)

• What problem(s) should we 

provide to enable students to 

practise (in pairs, 

individually) what they have 

learned?

• What learning goals 

(curriculum expectations) 

does your Practice Problem?

There are 36 children on 

school bus. There are 8 

more boys than girls.  

How many boys?  

How many girls?

a) Solve this problem in 2 

different ways. 

b) Show your work.

Larger numbers to discourage some numeric strategies and 

to encourage strategies that are possibly generalizable
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Developing a Math Talk Community
- Never Say Anything a Kid Can Say

Read 1 page ... Key idea about developing a math-talk community.
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Origins of “Ontario” Bansho

Components of Japanese Teaching

Blackboard is used to show the flow of the lesson process and to 

• keep a record of the lesson to help students remember what they need to 
do and think

• help student see connections and progression of parts of the lesson

• contrast and discuss ideas students presented from their solutions

• organize student thinking and develop new ideas

Bansho – means board writing – technical term created by Japanese 

teachers; rarely erase what they write on the blackboard … all 

recordings have a mathematical meaning and purpose

Hatsumon – asking a question to stimulate students' thinking 

Neriage – teacher coordinating student sharing, analysis, and discussion

Matome – teacher summarizing key mathematical ideas from the lesson

(Yoshida, 2003; Shimizu, 2005)
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Origins of “Ontario” Bansho  
- A Sample Japanese Blackboard Plan

(Yoshida, 2002)

Today’s story

problem

(in words)

Prior 

knowledge

Problem

(drawing)

Prior 

knowledge

Problem

(drawing)

What today’s 

problem is asking 

(in words)

Student drawing 

of solution to 

problem

Student 

mathematical 

expression 

Student 

mathematical 

expression 

Area for student ideas and presentations of solutions


